Dedekind was a personal friend of Riemann in Göttingen, and could testify on the basis of face-to-face conversations with Riemann about Riemann's views on the philosophy of mathematics. Nonetheless, the phrase I just quoted was written many years after Riemann's death and is so contrary to my reading of Riemann's works that I venture today to contradict him.
Surely a mathematician of Riemann's greatness would want to simplify and organize his formulas in the clearest possible way, but to say that Riemann would insist that Darstellungformen should always be results, not tools, of the theory is, I believe, a serious misrepresentation. (No pun intended.) Now the set-theoretic formulation of mathematical ideas was just being born at the time Dedekind was writing-he was of course one of the foremost pioneers of this conception of mathematics-so it is not certain that when he indicated that Riemann's approach was based on simple foundational concepts that he had in mind anything like the set-theoretic formulations that we automatically imagine today. Still, I
can't accept that Riemann in any way repressed his use of various Darstellungsformen as tools in his theories. He was, rather, a virtuoso of Darstellungsformen.
I will present my case in four exhibits. One of Siegel's most amazing discoveries was that Riemann himself, without the aid of a computer, had used his technique to find numerically the first two zeros of zeta in the critical strip. Perhaps he was primarily interested in grand general abstract concepts, but it appears that, at least on this occasion, he did not venture into these higher realms without doing a lot of serious computation to lay the groundwork for his flights. , so its definition requires choosing a branch of the function log(−x) along the path of integration.
Riemann describes the path of integration as "from +∞ to +∞ in the positive sense around the boundary of a domain which contains the value 0 but no other singularity of the integrand in its interior" (the singularities of the integrand are at the places x = ±2πni where the denominator is zero) and stipulates that "the logarithm of −x is determined in such a way that it is real for negative values of
There is no point in working through the details of this formula-the convergence of the integral and the truth of the formula for s > 1-because the only point I want to make is that Riemann achieves his result not by eschewing formulas and staying on an abstract, general plane, but by deploying formulas with great technical ability. His next step in the paper is an even more impressive manipulation of his description of the zeta function in which he modifies the definite integral in such a way as to symmetrize the correspondence between s and 1 − s and to state the functional equation of the zeta function in a simple form, but I
will not go into that at all.
He did not avoid Darstellungsformen but rather manipulated them and chose among them masterfully. Riemann says nothing about "analytic continuation."
What he says is that the equation above "gives the value of ζ(s) for all complex s and shows that it is single-valued and finite for all values of s other than 1, and that it vanishes when s is a negative even integer." (This last follows from the fact that Π(s − 1) has poles when s is a negative even integer, so ζ(s) must have zeros to cancel them because the integral on the right hand side has no poles and sin πn is not zero when n is even.) But note that such a description is algorithmic too. To describe a polynomial by its roots or a rational function by its zeros and poles often serves very concrete algorithmic purposes. Such a method also gives insight into the number of arbitrary parameters in an algebraic function of a certain type-which is the number evaluated by the Riemann-Roch theorem.
Finally, I will mention Riemann's treatise on Abelian functions. He clearly explains that it is divided into two parts, the first part containing that part of the theory that he can cover without the use of his multi-variate theta function (and I can't resist pointing out that the author of this paper does not appear to be a man worried about presenting too great a challenge to his readers) and the second part using that function. To the best of my very poor ability to understand that work, I would judge it to be quite distinctly algorithmic. It deals with Riemann surfaces of finite genus and deals with Abelian functions, which are integrals of algebraic differentials on such surfaces. Judging from the many explicit formulas it contains, it would seem to me to be hard to call it anything but algorithmic.
In conclusion, I would like to quote a remark Carl Ludwig Siegel made in the introduction to his publication of the Riemann-Siegel formula.
"The legend," he wrote, "according to which Riemann found his mathematical results through grand general ideas without requiring the formal tools of analysis, is not as widely believed today as it was during Felix Klein's lifetime. Just how strong Riemann's analytic technique was is especially clearly shown by the derivation and transformation of his asymptotic series for ζ(s)." (My translation.)
What I hear Siegel saying is that Felix Klein-and I would add Dedekindconveyed a mistaken impression of Riemann's contribution by emphasizing the generality of his concepts and methods. His more technical achievements are at least as impressive, at least as important a legacy, and, in any case, were the indispensable basis of all his works.
